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Abstract
Approximate fibrations form a useful class of maps. By definition fibrators provide instant
detection of maps in this class, and PL fibrators do the same in the PL category. This paper
formalizes a natural concept of partial asphericity and establishes fibrator properties of certain
partially aspherical closed manifolds. One consequence is that any connected sum of aspherical PL
manifolds with residually finite fundamental groups is a codimension-(2n − 2) PL fibrator.
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1. IntroductionApproximate fibrations represent an extremely important class of maps, due to the
presence of various sequences presenting computable homotopical and homological
relationships involving the domain, image and typical fiber. Continuing an extensive series,
this paper seeks to identify homotopy types through which a proper map defined on an
arbitrary manifold of a given dimension can be quickly recognized as an approximate
fibration, simply because all point preimages have the specified homotopy type. More
precisely, the goal is to present closed n-manifolds N which force proper maps p :M → B
to be approximate fibrations, when M is an (n + k)-manifold and each p−1(b) has the
homotopy type (or, more generally, the shape) of N . Such a manifold N is called a
codimension-k fibrator.
To explain what all this means and to limit the focus somewhat, we begin by presenting
the notation and fundamental terminology to be employed throughout: M is a connected
(n + k)-manifold and p :M → B is a proper map of M to a space B such that each
p−1(b) has the homotopy type (or, more generally, the shape) of a closed, connected
n-manifold. Such a map p will be called a codimension-k map. When N is a fixed PL
n-manifold, M is a PL manifold, B is a polyhedron, and p :M → B is a PL map, then
p is said to be N -like if each p−1(b) collapses to an n-complex homotopy equivalent to
N . (This PL tameness feature, evidently just as effective as requiring p−1(b) actually to
be an n-manifold, imposes significant homotopy-theoretic relationships, revealed in [9,
Lemma 2.4], between N and preimages of links in B .) We call N a codimension-k PL
fibrator if, for every PL (n + k)-manifold M and N -like PL map p :M → B , p is an
approximate fibration, Similarly, we call N a codimension-k orientable PL fibrator if this
holds for all orientable, PL (n + k)-manifolds M , and we abbreviate the term by writing
that N is a codimension-k PL o-fibrator. Finally, if N is a codimension-k PL fibrator
(respectively, codimension-k PL o-fibrator) for all k > 0, we simply call N a PL fibrator
(respectively, PL o-fibrator).
Remarkably, at this stage of development only a few classes of manifolds are known not
to be PL fibrators: those that already fail in codimension 2 and those that have as a Cartesian
factor either a sphere, a real projective space, or a certain kind of 3-dimensional spherical
space form that can be regarded as a coset space [6]. The codimension-2 situation, reviewed
extensively in the introduction to [8], is fairly well understood and is not treated here.
A proper map p :M → B between locally compact ANRs is an approximate fibration,
a concept introduced and studied by Coram and Duvall [3,4], if it has the following
approximate homotopy lifting property: given an open cover Ω of B , an arbitrary space
X, and maps f :X → M and F :X × I → B satisfying pf = F0, there exists a map
F ′ :X × I → M such that F ′0 = f and pF ′ is Ω-close to F . The latter means that to
each x ∈ X corresponds Ux ∈ Ω with {pF ′(x),F (x)} ⊂ Ux .
We will call a (PL) n-manifoldN a codimension-k PL m-fibrator if every codimension-k
N -like PL map p :Mn+k → B onto a PL k-manifold B is an approximate fibration, and
we call N simply a PL m-fibrator if it is a codimension-k PL m-fibrator for all k > 0. Our
notation, which differs slightly from that originally introduced by Nam [21], is intended to
suggest fibration-inducing features strictly for maps between manifolds. When the approx-
imate fibration conclusion holds for all those PL N -like maps between PL manifolds with
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orientable domain, we will call N a PL mo-fibrator, appending a codimension restriction
as needed.
An ANR Y is said to be t-aspherical if πi(Y ) ∼= 0 whenever 1 < i  t .
A group Γ is said to be: hopfian if each epimorphism Γ → Γ is an isomorphism;
cohopfian if each monomorphism Γ → Γ is an isomorphism; and normally cohopfian if
each monomorphism Γ → Γ with image a normal subgroup of Γ is an isomorphism.
Say that a group Γ is sparsely Abelian if it contains no nontrivial Abelian normal
subgroup A such that Γ/A is isomorphic to a normal subgroup of Γ . Groups Γ that
are both sparsely Abelian and normally cohopfian have the useful feature that every
homomorphism Γ → Γ with, at worst, Abelian kernel necessarily is an automorphism.
For brevity a group Γ which is both normally cohopfian and sparsely Abelian will be said
to have Property NCSA.
A closed, aspherical, orientable n-manifold N is known to be a PL o-fibrator if it is a
codimension-2 PL o-fibrator and π1(N) has Property NCSA [9, Theorem 8.1]. In that vein,
results here establish that any connected sum N of two closed, aspherical, PL n-manifolds
is a codimension (2n−2) PL fibrator provided π1(N) is residually finite. To show this, the
paper provides a variety of results measuring the codimension of its PL fibrator properties,
for manifolds whose fundamental groups have Property NCSA, in terms of the amount of
asphericity.
The (absolute) degree of a map is computed with integer coefficients and is understood
to be a nonnegative number. Explicitly, a map f :N → N ′ between closed, orientable
n-manifolds is said to have degree d if there are choices of generators γ ∈ Hn(N;Z),
γ ′ ∈ Hn(N ′;Z) such that f∗(γ ) = dγ ′, where d  0 is an integer. A closed, orientable
manifold N is said to be hopfian if every degree 1 map N → N which induces an
isomorphism at the fundamental group level is a homotopy equivalence. As a result, when
π1(N) is a hopfian group, N is a hopfian manifold if and only if all degree 1 maps N → N
are homotopy equivalences. According to Hausmann [14, Proposition 1], every closed
orientable manifold of dimension at most 4 is hopfian.
2. The role of partial asphericity
This section presents rather general fibrator properties for partially aspherical, ori-
entable manifolds N such that π1(N) has Property NCSA. Its main result, Theorem 2.5,
assures that a closed, hopfian, PL n-manifold N is a codimension-(t + 1) PL o-fibrator
provided N is t-aspherical, N is a codimension-2 PL mo-fibrator, and π1(N) has Property
NCSA. As a corollary, subject to nontriviality and other technical conditions, a connected
sum of t-aspherical, orientable manifolds is a codimension-(t + 1) PL o-fibrator. In par-
ticular, connected sums of aspherical n-manifolds ordinarily are codimension-(n− 1) PL
o-fibrators. Subsequent sections provide improvements to the codimension of this result
and broaden it to nonorientable settings, provided each summand has residually finite fun-
damental group.
Lemma 2.1. Any connected sum of t-aspherical n-manifolds is t∗-aspherical, where
t∗ = min{t, n− 2}.
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Proof. Express N = N1 #N2 as P1 ∪ P2, where P1 ∩ P2 = ∂P1 = ∂P2 ≈ Sn−1, and Pe
is homeomorphic to the complement closure of a PL n-ball in Ne (e = 1,2). Let P˜e, N˜e
denote the universal covers of Pe,Ne , respectively. Note that each N˜e is t-connected. Since
P˜e is simply the complement closure of a union of n-cells in N˜e , Hi(P˜e) ∼= Hi(N˜e) ∼= 0 for
1 i  t∗ and e ∈ {1,2}. What’s more, the universal cover N˜ of N is the union of copies
of the P˜e ; those copies meet along unions of components of their various boundaries, and
those components are all (n − 1)-spheres. A routine Mayer–Vietoris calculation shows
Hi(N˜) ∼= 0 for 1  i  t∗. The conclusion follows from the Hurewicz Isomorphism
Theorem [22, p. 398]. 
Lemma 2.2. If f :Y → Y ′ is a map between path-connected ANR’s that induces πi -iso-
morphisms for 1 i  t , then for every Abelian group G and for 1 i  t , f∗ :Hi(Y ;G)→
Hi(Y
′;G) is an isomorphism.
See [22, p. 399].
Corollary 2.3. Suppose f :Y → Y ′ is a map between path-connected t-aspherical spaces
such that f# :π1(Y ) → π1(Y ′) is an isomorphism. Then f∗ :Hi(Y ;Z) → Hi(Y ′;Z) is an
isomorphism for 1 i  t .
Throughout the rest of this paper homology groups will be computed with integer
coefficients.
Lemma 2.4. Suppose the n-manifold N is a codimension-(k−1) PL fibrator (respectively,
o-fibrator), N is t-aspherical, and π1(N) has Property NCSA. Suppose p :Mn+k → B is
an N -like PL map defined on a (respectively, orientable) manifold Mn+k , where k  2t+2.
Then B is a k-manifold.
Proof. It suffices to show that the link L of an arbitrary vertex v in B is a homotopy
(k − 1)-sphere. Set L′ = p−1(L). Since p|L′ :L′ → L is an approximate fibration, by
hypothesis, L must be a (k − 1)-manifold [7, Theorem 5.4]. See [9, Lemma 2.1] about its
being a sphere for the initial cases k  2, and assume k > 2.
By [9, Lemma 2.4], the inclusion L′ → S′ = p−1(S) induces isomorphisms πi(L′) →
πi(S
′) for i  k − 2. The homotopy sequence of the approximate fibration p|L′ yields the
exact sequence
π2(L) → π1(N) → π1
(
L′
)→ π1(L) → 1;
now the facts that π1(L′) ∼= π1(S′) ∼= π1(p−1(v)) ∼= π1(N) and π1(N) has Property NCSA
combine to give π1(L) ∼= 1. When k = 3 or 4,L is a homotopy (k − 1)-sphere. When
k > 4, k/2min{t + 1, k − 2}. Consider the exact sequence
πi(N) → πi
(
L′
)→ πi(L) → πi−1(N).
For 2 i < k/2 we have πi(N) ∼= 0 and the homomorphism πi(L) → πi−1(N) is trivial.
Hence,
Hi(L) ∼= πi(L) ∼= πi
(
L′
)∼= πi(S′)∼= πi(N) ∼= 0
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holds for the same range. Poincaré duality assures that L is a homotopy (k − 1)-sphere.
The same argument disposes of the orientable variation. 
The next result is Theorem 3.5 of [15].
Theorem 2.5. Suppose N is a closed, hopfian PL manifold which is both t-aspherical and
a codimension-2 PL mo-fibrator and whose fundamental group has Property NCSA. Then
N is a codimension-(t + 1) PL mo-fibrator.
Proof. Let p :Mn+k → B be a PL N -like map between manifolds, where Mn+k is
orientable. According to Corollary 2.3, each b ∈ B has a neighborhood Ub for which there
is a retraction Rb :p−1(Ub) → p−1(b) whose restriction yields induced isomorphisms
Hi(p
−1(c)) → Hi(p−1(b)), for all c ∈ Ub and 1  i  t . By Proposition 2.1 and
Corollary 2.2 of [10], p is an approximate fibration. 
Corollary 2.6. Suppose N is a closed, hopfian PL manifold satisfying:
(i) N is a codimension-2 PL o-fibrator,
(ii) N is t-aspherical, and
(iii) π1(N) has Property NCSA.
Then N is a codimension-(t + 1) PL o-fibrator.
Proof. The argument proceeds by induction. Assume N is a codimension-s PL o-fibrator,
2  s < t + 1, and consider an N -like PL map p :M → B defined on M , an orientable
(n+ s + 1)-manifold. Lemma 2.4 assures that B is a manifold, and the preceding theorem
promises that N is a codimension-(s + 1) PL o-fibrator, as required. 
The (t + 1)-sphere, a PL o-fibrator in codimension-(t + 1) but not in codimension-
(t + 2), illustrates the sharpness of Theorem 2.5. The product of any aspherical PL
manifold whose fundamental group both is hyperhopfian and has Property NCSA (e.g., any
hyperbolic manifold) and the (t + 1)-sphere gives additional examples—with nontrivial
fundamental group—that illustrate the sharpness of Corollary 2.6.
Corollary 2.7. Suppose Ne is a closed, orientable PL n-manifold which is t-aspherical
and has nontrivial, hopfian fundamental group (e = 1,2), and suppose N1 #N2 is hopfian.
Then either π1(N1 #N2) ∼= Z2 ∗ Z2 or N1 #N2 is a codimension-k∗ PL o-fibrator, where
k∗ = min{t + 1, n− 1}.
Proof. The free product of two finitely generated hopfian groups is itself hopfian [11].
Hence, by Corollary 4.12 and Theorem 5.4 of [8] N is a codimension-2 o-fibrator.
By [9, Section 4], π1(N1 #N2) has Property NCSA provided it is not isomorphic to
Z2 ∗ Z2, and when it does have Property NCSA, Corollary 2.6 applies. 
Corollary 2.8. Every connected sum N of aspherical, closed, orientable, PL n-manifolds
having hopfian fundamental groups is a codimension-(n− 1) PL o-fibrator.
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Proof. Fundamental groups of aspherical manifolds are torsion-free [1], so π1(N) 
∼=
Z2 ∗ Z2. Also, being (n − 2)-aspherical, N is hopfian [23, Lemma 1]. 
We conclude this section by examining the exceptional connected sums with fundamen-
tal group Z2 ∗ Z2.
Lemma 2.9. Suppose N is a closed, t-aspherical, orientable n-manifold with π1(N) ∼= Z2
and N 
 RPn, and N˜ is the universal covering of N . Then 1 < t < [ n2 ] and there exists an
s (t < s < n − t) such that Hs(N˜) 
∼= 0 and H˜i(N˜) ∼= 0 for all i < s.
Proof. Since N 
 RPn, the universal covering N˜ of N is not a homology sphere (see
[2,12,19]), so Hk(N˜) 
= 0 for some 0 < k < n. Take the smallest integer s among such
k’s. Since N˜ is t-connected, by the Hurewicz Isomorphism Theorem, t < s, and Poincaré
duality promises that 1 < t < [ n2 ] and s < n− t . 
Lemma 2.10. Suppose N = N1 #N2 is a closed hopfian n-manifold such that Ne is
t-aspherical and π1(Ne) ∼= Z2 (e = 1,2), N1 
 RPn and N is a codimension-(k − 1)
PL o-fibrator, where k  t + 1. Suppose that p :Mn+k → B is an N -like PL map defined
on an orientable manifold Mn+k . Then B is a k-manifold.
Proof. It suffices to show that the link L of an arbitrary vertex v in B is a homotopy
(k − 1)-sphere. Set L′ = p−1(L) and S′ = p−1(S), where S is the star of v bounded by
L. Since p|L′ :L′ → L is an approximate fibration, by hypothesis, L must be a (k − 1)-
manifold [7, Theorem 5.4]. As in the proof of Lemma 2.4, we will assume k > 2 and show
that π1(L) ∼= 1; the rest of the argument that then L is homotopy (k − 1)-sphere proceeds
just as in Lemma 2.4.
Fix z ∈ L. In the homotopy exact sequence of the approximate fibration p|L′,
π2(L) → π1
(
p−1(z)
)→ π1(L′)→ π1(L) → 1,
we have π1(L′) ∼= π1(S′) ∼= π1(p−1(v)) ∼= π1(M) by general position for the first
isomorphism. If L were not simply connected, the inclusion induced homomorphism
π1(p−1(z)) → π1(L′) could not be surjective. Form the 4-fold covering q :S′H → S′ of
S′ corresponding to the commutator subgroup H of π1(S′) ∼= π1(N) ∼= Z2 ∗Z2. Consider
NK  q−1(p−1(z))C
q|
i˜ S′H
q
R˜
q−1(p−1(v))  NH
q|
p−1(z) i S′ R p−1(v),
where NH is the cover of N corresponding to H and NK is the n-manifold corresponding
to a component of q−1(p−1(z)). To show that i induces a π1-isomorphism, it suffices to
show that i˜ induces a π1-epimorphism. Suppose otherwise. Take the covering Θ :S′HI →
S′H corresponding to i˜#(π1(q−1(p−1(z))C)). Now consider
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S′ R∗ Θ−1(q−1(p−1(v)))  NHIHI
Θ Θ|
NK  q−1(p−1(z))C
q|
i˜
i∗
S′H
q
R˜
q−1(p−1(v))  NH
q|
p−1(z) i S′ R p−1(v).
Here, i∗ and R∗ are liftings of i˜ and R˜ ◦Θ , respectively.
Since π2(L) ∼= 0 and π1(p−1(z)) ∼= π1(N) ∼= Z2 ∗ Z2 is sparsely Abelian, we see
from the exact sequence π2(L) → π1(p−1(z)) → π1(L′) → π1(L) → 1 that i induces
a π1-monomorphism. Furthermore, the proof of [9, Theorem 4.1] shows that π1(L) ∼= Z2,
and q|NK is a 2–1 covering. Consequently, i˜ induces a π1-monomorphism and i∗ induces
a π1-isomorphism. On the other hand, by Lemma 2.9, there exists an s (t < s < n− t) such
that Hs(N˜1) 
∼= 0 and H˜i(N˜1) ∼= 0 for all i < s. (If N2 
 RPn, then such an s also exists for
Hi(N˜2), and we take the smaller value.) Note that NH is of the form
and satisfies π1(NH ) ∼= Z. Similarly, NK is formed either by N2 # N˜1 #N2 or by
N1 # N˜2 #N1) or by
where N˜e is the universal covering of Ne , respectively (e = 1,2). It follows that NK must
be of the form
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as it is the only possibility which admits a surjection to π1(NH ) ∼= Z. Θ must be a finite-
sheeted, say ξ(> 1)-sheeted, covering. Furthermore, NHI looks like NH , but the number
of N˜e (e = 1,2) in NHI is 2ξ .
Consider the homology exact equence for the pair (S′HI ,L′HI ):
Hs+1
(
S′HI ,L′HI
)→ Hs(L′HI )→ Hs(S′HI )→ Hs(S′HI ,L′HI ).
Since Hs+1(S′HI ,L′HI ) ∼= Hn+k−s−1(NHI ) ∼= Hs−k+1(NHI ) and
Hs
(
S′HI ,L′HI
)∼= Hn+k−s (NHI ) ∼= Hs−k(NHI ),
we obtain
Case (1) s = k: Z → Hs(L′HI ) → Hs(NHI ) → Z,
Case (2) s = k + 1: 0 → Hs(L′HI ) → Hs(NHI ) → Z,
Case (3) s  k + 2: 0 → Hs(L′HI ) → Hs(NHI ) → 0.
(†)
By the fact that π1(LHI ) ∼= 1 and t-asphericity of N , we see that LHI is the homotopy
sphere. The approximate fibration p|L′HI :L′HI (= link of S′HI ) → LHI leads to the Wang
exact sequence
Hs−k+2(NK) → Hs(NK) → Hs
(
L′HI
)→ Hs−k+1(NK) → Hs−1(NK).
But since Hs−1(NK)(∼= 0) and s − k + 2 < s − 2 + 2 = s, we get{
Case (i) s = k: 0 → Hs(NK) → Hs(L′HI ) → Z → 0,
Case (ii) s  k + 1: 0 → Hs(NK) → Hs(L′HI ) → 0 → 0.
(††)
Consequently, combining (†) and (††), we have
Case (1) s = k: Z → Hs(L′HI ) ∼= Z ⊕Hs(NK) → Hs(NHI ) → Z,
Case (2) s = k + 1: 0 → Hs(L′HI ) ∼= Hs(NK) → Hs(NHI ) → Z,
Case (3) s  k + 2: 0 → Hs(L′HI ) ∼= Hs(NK) → Hs(NHI ) → 0.
Now recall that the number of N˜e in NHI is 2ξ( 4) but the number of N˜e in NK is 1,
(e = 1,2). Since Hs(N˜1) 
∼= 0, for each case we get a contradiction. 
Theorem 2.11. Suppose N = N1 #N2 is a closed hopfian n-manifold such that Ne is
t-aspherical and π1(Ne) ∼= Z2 (e = 1,2). Then either Ne  RPn (e = 1,2) and N fails to
be a codimension-2 fibrator, or N1 
 RPn and N is a codimension-(t + 1) PL o-fibrator.
Proof. It is known that N fails to be a codimension-2 fibrator provided N1  RPn  N2,
and N is a codimension-2 PL o-fibrator provided N1 
 RPn [16].
Now suppose N1 
 RPn and p :Mn+k → B is an N -like PL map defined on an
orientable manifold Mn+k , where k  t + 1. It follows, mostly from Corollary 2.3, that
each b ∈ B has a neighborhood Ub for which there is a restriction Rb :p−1(Ub) → p−1(b)
whose restriction yields induced isomorphisms Hi(p−1(c)) → Hi(p−1(b)), for all c ∈ Ub
and 1 i  t . By Lemma 2.10 B is a k-manifold. Thus, according to [10, Proposition 2.1
and Corollary 2.2], p is an approximate fibration. 
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3. Partially aspherical manifolds as PL o-fibratorsAs an application of results from [10], we strengthen the codimension of the fibrator
conclusions concerning those t-aspherical n-manifolds N for which there exists s, n/2
s  t—sometimes even s = t + 1—with βs(N) > 0.
Theorem 3.1. Suppose the closed hopfian n-manifold N is a codimension-2 PL o-fibrator,
π1(N) has Property NCSA, and t, s are integers such that t  s  n/2, N is t-aspherical
and βs(N) > 0. Then N is a codimension-(2t+2) PL o-fibrator; furthermore, if χ(N) 
= 0,
N is a codimension-(2t + 3) PL o-fibrator.
Proof. By Corollary 2.6, N is a codimension-(t+1) PL o-fibrator. In case N is aspherical,
it is a PL o-fibrator by [9, Theorem 8.1], so assume N is a codimension-(k − 1) PL
o-fibrator, t + 2  k  2t + 2, t < n, and consider an N -like PL map p :Mn+k → B
defined on an orientable (n+ k)-manifold Mn+k . Lemma 2.4 indicates that B is a k-man-
ifold, and Corollary 2.9 of [10] assures that p is an approximate fibration.
In this and several subsequent results, the conclusion is strengthened to cover the case
k = 2t + 3 provided χ(N) 
= 0, as follows. An arbitrary link L in B is a t-connected
(2t +2)-manifold. Routine computation indicates that χ(L) = 2. As a result, βt+1(L) = 0,
and hence Ht+1(N) is trivial, since Ht+1(L) ∼= Ht+1(L) has torsion isomorphic to
Ht(L) ∼= 0. Being a 1-connected homology (2t + 2)-sphere, L is a homotopy (2t + 2)-
sphere, and therefore B must be a (2t + 3)-manifold. Again [10, Corollary 2.9] yields p is
an approximate fibration, as required. 
Theorem 3.2. Suppose the closed hopfian n-manifold N is a codimension-2 PL o-fibrator
and t  n/2 is an integer such that N is t-aspherical and βt(N) > 0. Then N is a PL
mo-fibrator.
Proof. It follows by the preceding argument that N is a codimension-(n + 2) PL mo-
fibrator. The basic difference between the settings is the presence in the statement of
Theorem 3.1 of the Property NCSA hypothesis, which is employed simply for deducing
that images B of the PL maps p under consideration are t∗-connected, and which is a non-
issue in the matter at hand, as the definition of mo-fibrator requires analysis of similar PL
maps p onto PL k-manifolds.
Corollary 2.14 of [10] yields that N is a PL mo-fibrator. 
Corollary 3.3. Suppose the hopfian n-manifold N = N1 #N2 is a connected sum of t-
aspherical, closed, orientable, PL n-manifolds and s is an integer such that n/2  s 
t  n − 2 and βs(N1) 
= 0. Suppose also that π1(Ne) 
= 1 is a hopfian group (e = 1,2)
and π1(N) 
∼= Z2 ∗ Z2. Then N is a codimension-(2t + 2) PL o-fibrator; furthermore, if
χ(N) 
= 0, N is a codimension-(2t + 3) PL o-fibrator.
Proof. Theorem 3.1 applies—see the proof of Corollary 2.7. 
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Corollary 3.4. Suppose the manifold N is a connected sum of aspherical, closed,
orientable, PL n-manifolds with hopfian fundamental groups such that βs(N) 
= 0 for some
s satisfying 1 < s < n− 1. Then N is a codimension-(2n− 2) PL o-fibrator; furthermore,
if χ(N) 
= 0, N is a codimension-(2n− 1) PL o-fibrator.
Just as in Corollary 2.8, in this setting π1(N) cannot be Z2 ∗Z2.
The proof of Theorem 3.1 also establishes the subsequent Theorems 3.5 and 3.7. In
either case Corollary 2.9 of [10] again provides the key step.
Theorem 3.5. Suppose the closed hopfian n-manifold N is a codimension-2 PL o-fibrator,
π1(N) has Property NCSA, and t  n/2 is an integer such that N is t-aspherical and
βt+1(N) > 1. Then N is a codimension-(2t + 2) PL o-fibrator; furthermore, if χ(N) 
= 0,
N is a codimension-(2t + 3) PL o-fibrator.
Corollary 3.6. If the n-manifold N is a connected sum of aspherical, closed, orientable,
PL n-manifolds with hopfian fundamental groups such that β1(N)  2, then N is a
codimension-(2n − 2) PL o-fibrator; furthermore, if χ(N) 
= 0, N is a codimension-
(2n− 1) PL o-fibrator.
By duality βn−1(N) = β1(N) 2.
Theorem 3.7. Suppose the closed hopfian 2n-manifold N satisfies: N is a codimension-2
PL o-fibrator, π1(N) has Property NCSA, N is (n−1)-aspherical and βn(N) > 2. Then N
is a codimension-2n PL o-fibrator; furthermore, if χ(N) 
= 0, N is a codimension-(2n+1)
PL o-fibrator.
Theorem 3.8. Suppose N is a closed hopfian n-manifold satisfying:
(1) N is t-aspherical,
(2) π1(N) has Property NCSA,
(3) N is a codimension-2 PL o-fibrator, and
(4) Hi(N) ∼= 0 for t < i < k  2t + 2.
Then N is a codimension-k PL o-fibrator; furthermore, if Hi(N) ∼= 0 for t < i < 2t + 3
and χ(N) 
= 0, then N is a codimension-(2t + 3) PL o-fibrator.
Proof. Here B is a k-manifold, by Lemma 2.4, extended to the k = 2t + 3 case as
in Theorem 3.1. Every N -like PL map p :M → B is an approximate fibration by [10,
Corollary 2.3]. 
Corollary 3.9. Suppose the closed, orientable n-manifold Ne is (n − 2)-aspherical and
has nontrivial, hopfian fundamental group (e = 1,2). Suppose that π1(N1 #N2) 
∼= Z2 ∗Z2
and β1(N1 #N2) = 0. Then N1 #N2 is a codimension-n PL o-fibrator.
Theorem 3.10. Suppose the closed hopfian n-manifold N is a codimension-2 PL o-fibrator,
and suppose t  n/2 is an integer such that N is t-aspherical where either
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(i) t  n/2 and βt(N) > 1, or
(ii) t + 1 = n/2 and βn/2(N) > 2.
Then N is a PL mo-fibrator.
Proof. See Theorem 3.2 and either Theorem 3.5 or Theorem 3.7. 
4. The nonorientable setting—Partially aspherical manifolds as PL fibrators
Our concluding section addresses PL fibrator properties, not simply PL o-fibrator
properties. It involves the following approach for investigating nonorientable manifolds
introduced in [17]. Let N be a closed n-manifold which has a 2-to-1 covering. Consider the
covering space NH of N corresponding to H , where H =⋂i∈I Hi with [π1(N) :Hi] = 2
for i ∈ I . The index set I is finite [13], and NH is a closed orientable n-manifold, since
every (finite) covering of an n-dimensional orientable manifold is again orientable and all
nonorientable manifolds have 2-to-1 orientable coverings.
From now on, we reserve the symbols H and NH to represent the above. For the most
part we treat only those manifolds N for which NH is hopfian. Although an orientable
N must be hopfian when NH is, the converse is unknown. In a related setting, index 2
subgroups of hopfian groups need not be hopfian.
Lemma 4.1. Suppose the closed n-manifold N is a codimension-(k − 1) PL fibrator such
that π1(N) has Property NCSA, and suppose NH is a codimension-k PL o-fibrator. Then
N is a codimension-k PL fibrator.
Proof. The argument essentially coincides with that of [10, Proposition 3.5], supple-
mented by one small observation. We supply the brief details for completeness.
Inductively assume N is a codimension-s PL fibrator, where 2  s < k, and consider
an N -like PL map p :M → B defined on an (n + s + 1)-manifold M . It suffices to show
that p localizes to an approximate fibration over the star S of an arbitrary vertex v ∈ B .
Restrict M to p−1(S). The requirement that p−1(v) collapses to an n-complex yields that
the inclusion M \ p−1(v) → M induces an isomorphism of fundamental groups. From
the homotopy exact sequence of the approximate fibration p|M \ p−1(v) we have (for
z ∈ S \ v):
π2(S \ v) → π1
(
p−1(z)
)→ π1(M \ p−1(v))→ π1(S \ v)
where the middle two groups are copies of π1(N). As a result, the hypotheses on π1(N)
yield that the inclusion-induced composite
π1
(
p−1(z)
)→ π1(M \ p−1(v))→ π1(M) → 1
is an isomorphism. Upon forming the cover θ :MH → M corresponding to the image of
H ⊂ π1(N) ∼= π1(p−1(v)) in π1(M), we see pθ :MH → B is an NH -like PL map and
that MH is orientable, since it covers all possible 2–1 coverings of M . Since NH is a
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codimension-k PL o-fibrator, pθ is an approximate fibration, and by [5, Lemma 2.5] the
same holds for p. Thus, N is a codimension-(s + 1) PL fibrator. 
In similar fashion, we also have:
Lemma 4.2. Suppose the closed n-manifold N is a codimension-(k − 1) PL fibrator
such that π1(N) has Property NCSA. Suppose also that G is a fully invariant subgroup
of π1(NH ) such that NG, the cover of N corresponding to G, is a codimension-k PL
o-fibrator. Then N is a codimension-k PL fibrator.
Theorem 4.3. Suppose N is a closed orientable n-manifold such that NH is hopfian,
π1(N) and π1(NH ) have Property NCSA, N is a codimension-2 PL fibrator and NH is
a codimension-2 PL o-fibrator. Suppose N is t-aspherical, where either
(1) βs(N) > 0 for some s satisfying n/2 s  t ,
(2) t  n/2 and βt+1(N) > 1, or
(3) t + 1 = n/2 and βn/2(N) > 2.
Then N is a codimension-(2t + 2) PL fibrator; furthermore, if χ(N) 
= 0, N is
codimension-(2t + 3) PL fibrator.
Proof. Apply Lemma 4.1 and either Theorem 3.1 or Theorem 3.5 or Theorem 3.7. 
For the next result, see the proof of Theorem 3.2.
Theorem 4.4. Suppose N is a closed orientable n-manifold such that NH is hopfian, N
is a codimension-2 PL fibrator, and NH is a codimension-2 PL o-fibrator. Suppose N is
t-aspherical, where either
(1) βs(N) > 0 for some s satisfying n/2 s  t ,
(2) t  n/2 and βt+1(N) > 1, or
(3) t + 1 = n/2, βn/2(N) > 2, and χ(N) 
= 0.
Then N is a PL m-fibrator.
Lemma 4.5. If Γ ∼= A∗B 
∼= Z2 ∗Z2 is a free product of nontrivial, residually finite groups
A and B , then Γ has a finite index normal subgroup Γ ∗ such that Γ ∗ itself is a nontrivial
free product admitting an epimorphism to Z ⊕Z.
Proof. First consider a free product C ∗ D of nontrivial finite groups C 
∼= Z2 and D. Let
η :C ∗ D → C × D denote the obvious homomorphism, and K its kernel. The Kurosh
Subgroup theorem assures that K is a free product of a free group with various conjugates
of C and D. Obviously, however, no conjugate gxg−1 of an element x ∈ C ∪ D,x 
= 1,
belongs to K , so K is a free group. After specifying distinct nontrivial elements c1, c2 ∈ C
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and 1 
= d ∈ D, we see that c1dc−1d−1, c2dc−1d−1 are distinct elements of K no powers1 2
of which coincide. Hence, K has rank greater than 1.
In the general case, apply residual finiteness to obtain a homomorphism ψ :A ∗ B →
C ∗D onto a free product of finite groups (at least one having order greater than 2), obtain
K as above, and set Γ ∗ = ψ−1(K). Again mixed commutators of A and B must belong
to Γ ∗, so the free product decomposition of γ ∗ assured by the Kurosh Subgroup theorem
cannot consist merely of a conjugate of a subgroup of A or B . As it clearly surjects to
Z⊕ Z,Γ ∗ must be a nontrivial free product. 
Lemma 4.6. If the group Γ 
∼= Z2 ∗ Z2 is a finitely generated, nontrivial free product, and
Γ ∗ is a finite index subgroup of Γ , then Γ ∗ is a nontrivial free product and has Property
NCSA.
Remark. The Γ ∼= Z2 ∗Z2 case is a genuine exception—then ΓH is infinite cyclic and fails
to have Property NCSA: although sparsely Abelian, ΓH fails to be normally cohopfian.
Proof. According to [9, Section 4], it suffices to show that Γ ∗ is a nontrivial free product
and Γ ∗ 
∼= Z2 ∗ Z2. Represent Γ as A ∗ B . Since Γ ∗ has finite index in Γ , arbitrarily
high powers of any mixed commutator aba−1b−1 necessarily belongs to ΓH . Just as in the
proof of Lemma 4.5, the Kurosh Subgroup representation of ΓH as a free product must
either reduce to a free group F or to a nontrivial free product. By [20, p. 195], Γ ∗ contains
a free group of rank at least two, so either the free group F further decomposes as a free
product, or the given free product decomposition differs from Z2 ∗ Z2, which has no such
rank two free subgroup. 
Corollary 4.7. If the group Γ 
∼= Z2 ∗Z2 is a finitely generated, nontrivial free product, and
ΓH is the intersection of all index-2 subgroups of Γ , then ΓH is a nontrivial free product
and has Property NCSA.
Corollary 4.8. Suppose Ne is a closed, PL n-manifold which is t-aspherical and has
nontrivial, residually finite fundamental group (e = 1,2). Suppose π1(N1 #N2) 
∼= Z2 ∗ Z2
and (N1 #N2)H is hopfian. Then N1 #N2 is a codimension-k∗ PL fibrator, where k∗ =
min{t + 1, n− 1}.
Proof. Since π1(N1 #N2)H is residually finite and a nontrivial free product, (N1 #N2)H
is a codimension-2 fibrator [18]. It is also t∗-aspherical because N1 #N2 is. By Lemma 4.5
and the argument of Corollary 2.6, π1((N1 #N2)H ) has Property NCSA. Consequently,
Corollary 2.6 assures that (N1 #N2)H is a codimension-(t∗ + 1) PL o-fibrator, t∗ =
min{t, n − 2}, and Lemma 4.1 provides the comparable PL fibrator conclusion about
N1 #N2 itself. 
Proposition 4.9. Suppose N is a closed, PL n-manifold such that N is (n− 2)-aspherical,
and π1(N) is a residually finite, nontrivial free product 
∼= Z2 ∗ Z2. Then N is a
codimension-(2n− 2) PL fibrator; if in addition χ(N) 
= 0, N is a codimension-(2n− 1)
PL fibrator.
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Proof. Being (n−2)-aspherical, all finite-sheeted orientable covers of N are hopfian [23].
Note also that N is a codimension-2 PL fibrator and π1(N) has Property NCSA.
If βn−1(NH ) = β1(NH ) > 1,NH is a codimension-(2n − 2) PL o-fibrator, by
Theorem 3.5, and the conclusion about N follows from Lemma 4.1. In any event π1(NH ) 
∼=
Z2 ∗Z2 is a nontrivial free product of residually finite groups, by Corollary 4.7; according
to Lemma 4.5, π1(NH ) has a finite index normal subgroup Γ ∗ which is a nontrivial
free product and which surjects to Z ⊕ Z. The intersection G of all index [π1(NH ) :Γ ∗]
subgroups of π1(NH ) is another finite index subgroup which happens to be fully invariant
in π1(NH ); clearly the abelianization of G has a free summand of rank at least two, and
Lemma 4.6 assures that G has Property NCSA. Hence, the cover NG of NH corresponding
to G is a codimension-(2n − 2) PL o-fibrator, by Theorem 3.5. Finally, N itself is a
codimension-(2n− 2) PL fibrator by Lemma 4.2. 
Corollary 4.10. Suppose Ne is a closed, PL n-manifold which is (n−2)-aspherical and has
nontrivial, residually finite fundamental group (e = 1,2). Suppose π1(N1 #N2) 
∼= Z2 ∗Z2 .
Then N1 #N2 is a codimension-(2n−2)PL fibrator; if in addition χ(N1 #N2) 
= 0, N1 #N2
is a codimension-(2n− 1) PL fibrator.
Corollary 4.11. Every connected sum N of aspherical, closed, PL n-manifolds such that
π1(N) is residually finite is a codimension-(2n−2) PL fibrator. Furthermore, if χ(N) 
= 0,
N is a codimension-(2n− 1) PL fibrator.
Corollary 4.12. Every (n − 2)-aspherical, closed PL n-manifold N such that π1(N) is
residually finite and a nontrivial free product, π1(N) 
∼= Z2 ∗Z2, is a PL m-fibrator.
Corollary 4.13. Every connected sum N of aspherical, closed, PL n-manifolds such that
π1(N) is residually finite is a PL m-fibrator.
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